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The  analysis  of  the  general  instability  of  stiffened  cylindrical  shells  under  hydrostatic  pressure 
carried  out  earlier  is  continued  in  order  to  study  the  inversion  of  the  eccentricity  effect.  250  typical 
shells  of  varying  geometries  are  considered.  The  results  show  that  the  inversion  of  the  eccentricity 
effect  is  practically  independent  of  the  geometry  of  the  rings  but  depends  very  strongly  on  the  shell  geo¬ 
metry  parameter  Z,  A  range  of  inversion  is  found. 

A  detailed  physical  explanation  of  the  causes  of  the  eccentricity  '“ffect  and  its  inversion  is  proposed. 
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distance  of  the  centroid  of  the  stringer-shell,  or  ring-shell  combination  from 
the  middle  surface  (see  Fig.  3a). 
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1.  INTRODUCTION 

In  Reference  [  1  ]  the  general  instability  of  simply  supported  cylindrical  shells  under  hydrostatic 
pressure  was  analysed  by  considering  the  “distributed"  stiffness  of  rings  and  stringers  separately  and 
taking  into  account  their  eccentricity.  It  was  concluded  there  that  rings  on  the  inside  oi  the  shell  yield 
higher  general  instability  pressures  than  rings  oc  the  outside.  For  stringers,  which  are  much  less  effec¬ 
tive  in  stiffening  against  hydrostatic  pressure,  the  effect  ot  eccentricity  was  found  to  “be  opposite*, 
outside  stringers  yielding  higher  critical  pressures  than  inside  stringers.  Similar  eccentricity  effects 
were  found  for  conical  shells.! 2] 

During  reesnt  calculations  of  the  general  instability  of  conical  shells  with  non- uniformly  spaced 
stiffeners  under  hydrostatic  pressure  [  3  ],  the  ring  eccentricity  effect  was  found  to  be  inverted  for  some 
very  short  and  thick  shells.  The  reason  for  this  inversion  became  clear  after  3ome  further  study  of  the 
general  instability  of  stiffened  cylindrical  and  conical  shells.  More  extensive  computations  seemed 
desirable  in  order  to  obtain  a  better  feeling  for  the  influence  of  the  geometric  parameters  of  the  shell  on 
the  eccentricity  effect. 

The  results  of  these  computations  for  a  large  number  of  typical  shells  show  that  the  inversion  of 

the  eccentricity  effect  is  practically  independent  of  the  geometry  of  the  rings  but  depends  very  strongly 

on  the  shell  geometry.  Furthermore,  if  the  geometry  of  the  shell  is  represented  by  the  well  known  non- 

»/ 

dimensional  Batdorf  parameter  Z  =  (l-i/2)  (L2/Rh),  a  “range  of  inversion”  is  found. 

It  should  be  pointed  out  that  the  inversion  of  the  eccentricity  effect  for  short  she’ls  was  also  ob* 
served  in  very  recent  computations  carried  out  by  Me  Elman  et  al.[4]  and  by  Geier  and  Seggelke  [S], 
but  no  generai  conclusions  about  the  geometrical  parameters  which  determine  the  inversion  were  reached. 

The  study  of  the  influence  of  the  geometric  parameters  on  the  eccentricity  effect  motivated  a  re¬ 
valuation  of  the  physical  explanation  of  the  phenomena,  which  resulted  in  a  much  clearer  picture  of  the 
buckling  behavior  of  stiffened  cylindrical  shells. 

For  clarity,  the  main  assumptions  made  in  [  1]  and  [2]  are  repeated  here: 

a)  The  stiffeners  are  “distributed”  over  the  whole  surface  of  the  shell. 

b)  The  normal  strains  rx(z)  and  e^iz)  vary  linearly  in  the  stiffener  as  well  as  in  the  sheet.  The 
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normal  strains  in  the  stiffener  and  in  the  sheet  are  equal  at  their  point  of  contact, 

c)  The  stiffeners  do  not  transmit  shear.  The  shear  membrane  force  Nx^  is  carried  entirely  by  the  sheet 

d)  The  torsional  rigidity  of  the  stiffener  cross  section  is  added  to  that  of  the  sheet  (the  actual  increase 
in  torsional  rigidity  is  larger  than  that  assumed). 

Note  also  that  the  middle  surface  of  the  shell  is  chosen  as  reference  line. 


2.  THE  EFFECT  OF  ECCENTRICITY 

In  order  to  study  the  effect  of  the  eccentricity  of  stiffeners  one  has  to  examine  the  expressions 
for  the  forces  ana  moments  acting  on  an  element  of  the  stiffened  shell,  Eqs.  (5)  and  (6)  of  [  1],  After 
substitution  the  strain- displacement  and  curvature- displacement  relations,  Eqs.  (3)  and  (4)  of  [  1  ], 
the  forces  anc  moments  become 

Nx  *  [Eh/(l-t,2)]  [u|x(l+/<1)  +  ^v^-w)-y1wjxx] 

=  [Eh/(l-i/2)J  t(v,0-*v)  ( 1 + n2)  +  ^,x  “V2W,^1 

«[Ety2(l  +  i/)]  (u^+vx)  (1) 


M*  =  “(D/R)  t  w,**( 1  *  »?o i)  +  J 

M<*  =  -(D/R)[w^(l+,02)^WfXX-<2(v^-w)l 

Mx<£  =  +(°/R)  [(l-^)+n,iiwfX^ 

*V  *  -(D/R)[(l-v)+i?t2]  w>x0  (2) 

where  »  n2  »  ^oi  *  ^02  »  ^tl  n,2  316  ch*11?63  ‘n  stiffnesses  due  to  stringers  and  frames  and 

Y1#y2<  ^  C2  are  the  changes  in  stiffnesses  caused  by  the  eccentricities  of  the  stringers  and  rings, 

as  in  [  1] .  Since  the  analysis  is  concerned  with  instability,  u,  v  and  w  are  the  additional  displacements 
during  buckling,  and  as  in  [  1]  they  are  non-dimensional,  the  physical  displacements  having  been  divided 


by  the  radius  of  the  shell. 

The  usual  simple  support  boundary  conditions  are  assumed  as  in  [  1]  and 
u  ■  An  sin  uf>  cos  a  fix 
v  -  Bncost^  sin  a  fix 

w  -  CB  sin  sin  a  fix  ( 3) 

are  the  displacements  which  solve  the  Donnell  type  stability  equations  for  general  instability,  Eqa.(12) 
of  [  1],  in  the  presence  of  these  boundary  conditions. 

In  the  case  of  rings,  the  effect  of  their  eccentricity  on  the  forces  is  represented  by  the  term 
-y2w  ££  in  the  second  of  Eqs.(l^and  on  the  moments  by  the  term  —  C2  2* 

(since  i?02  "  (E*  !.•/•!>)  +(EaAae|/||D)  )  in  the  second  of  Eqs.(2).  Note  that  the  sign  of  the  eccen¬ 
tricity  affects  only  the  terms  with  ya*nd  fa  .  For  Internal  rings  (positive  «a)  ya  and  £a  are 
positive. 

The  eccentricity  effect  is  the  result  of  coupling  between  moments  and  membrane  forces,  and  for 
ring  stiffened  shells  the  circumferential  middle  surface  strain,  t ^  «(v  w),  is  found  to  be  the  major 

coupling  factor.  In  Fig.2  the  variation  of  with  Z  is  plotted  for  a  typical  ring  geometry,  (A2/ah)  =  0.5  , 
(I  /ahs)  *=  5  ,  and  (e  /h)  =  ±  5.  It  should  be  pointed  out  that  the  ring  geometry  represents  relatively 
strong  rings  with  a  large  eccentricity.  The  relative  circumferential  middle  surface  strain  (r^CJ  is 
small  for  long  and  thin  shells,  but  becomes  large  for  short  and  thick  shells  (small  Z),  in  which  the 
membrane  forces  contribute  significantly  to  the  resistance  against  buckling.  (<^/Cn)  is  always  negative 
for  inside  rings  (positive  e2  )  and  positive  for  outside  rings  (negative  e2),  except  for  very  small  Z. 

For  long  and  thin  shells  the  magnitude  offr^/CJis  larger  for  outside  rings  than  for  inside  ones. 

With  decreasing  Z  the  ratio  of  (  |  outside  (  /  j  inside  | )  decreases  and  after  a  certain  value  of  Z 
becomes  less  than  unity.  Eventually  at  a  very  small  Z,(e^/Co)for  outside  rings  even  changes  its  sign. 
The  change  from  larger  jr^/CJ  for  outside  rings  to  larger  If^/CJ  for  inside  rings  occurs  at  the  same 
Z  at  which  the  inversion  of  the  total  eccentricity  effect  is  found.  Hence  one  observes  that  the  eccen- 


4 


tricity  effect  is  closely  related  to  the  behavior  of  t ^ . 

For  ioag  and  thin  ring  stiffened  shells  is  the  prime  factor  determining  the  resistance  of  the 
shell  to  buckling.  From  the  second  of  Eqs.(2)  one  sees  that  the  magnitude  of  depends  primarily  on 
v'jt><hnQ2  ~  ^2  (v  ^  -  w)*  increasing  eccentricity  of  rings  e2  ,  rj02  increases  rapidly  but  indepen¬ 
dently  of  the  sign  of  e2  .  The  second  term  —  c2<v^-w>  reduces  for  both  inside  or  outside 
rings  (except  for  very  small  Z).  This  occurs  since  is  negative  and  for  inside  rings 

(see  Fig. 2) ,  positive  £2  f  (v*  -  w)/w  is  also  negative;  whereas  for  outside  rings,  negative  C2  , 

(v  ^  -  w)/w  is  positive.  However,  due  to  the  larger  magnitude  of  for  outside  rings,  the 

reduction  in  is  larger  for  negative  e2  and  the  stiffness  of  the  shell  is  therefore  smaller.  Hence  the 
usual  eccentricity  effect  of  higher  loads  with  inside  rings  is  explained.  Note  that  as  the  first  term,  which 
does  not  depend  on  die  sign  of  the  eccentricity,  dominates,  the  eccentricity  effect  cannot  be  very  pro¬ 
nounced  as  is  indeed  found  in  all  the  calculations  (the  largest  effect  encountered  was  25%  for  a  shell 
with  extremely  large  eccentricity). 

For  shorter  and  thicker  shells,  the  effect  decreases  and  eventually  inverts  when  the  reduction  in 
becomes  larger  for  inside  rings  than  outside  ones.  For  very  small  Z,  when  (t^/Cn)  for  outside  rings 
changes  sign,  is  not  only  reduced  less  but  is  actually  increased.  Hence  pronounced  eccentricity 
effects  can  be  expected  and  are  indeed  found  in  the  calculations. '  It  should  be  pointed  out  that,  although 
the  membrane  forces  contribute  significantly  to  the  resistance  of  shells  with  small  Z,  the  eccentricity 
effect  is  primarily  caused  by  changes  in  . 

3.  PHYSICAL  EXPLANATION 

If  one  aims  at  a  physical  explanation  of  the  effect  of  eccentricity  of  rings  on  the  instability  of 
cylindrical  shells,  without  direct  reference  to  the  mathematical  formulation,  one  finds  that  the  effect  is 
made  up  of  two  opposing  contributions.  The  primary  contribution  is  the  effect  of  the  membrane  stresses 
in  the  shell  on  the  bending  stiffness  of  the  shell-stiffener  combination,  and  the  opposing  secondary  con¬ 
tribution  is  the  effect  of  the  bending  strains  on  the  membrane  stresses  in  the  shell. 


The  primary  effect  in  rings  is  similar  to  that  causing  the  more  spectacular  eccentricity  effects  in 
stringer  stiffen^  axially  compressed  cylinders,  whereas  the  secondary  effect  is  more  prominent  in  rings. 

An' explanation  for  the  considerable  increase  in  buckling  load  under  axial  compression  with  out¬ 
side  stringers,  which  has  been  demonstrated  experimentally  by  many  investigators  (see  [6J  -[9] ),  has 
recently  been  given  by  Thielemann  and  Esslinger  [  10],  One  could  extend  the  argument  of  [10]  to  rings; 
however,  here  a  more  complete  explanation  is  presented  which  covers  both  the  primary  and  the  secondary 
contributions  of  the  eccentricity  effect  for  any  stiffener. 

The  total  geometrical  bending  stiffness  of  the  combined  ring-shell  cross-section  ia  not  affected  by 
the  place  of  the  rings  and  is  equal  for  outside  and  inside  stiffening.  Now,  as  a  result  of  the  initial  cur¬ 
vature  of  the  shell  additional  membrane  forces  appear  in  it  during  buckling.  If  one  considers  the  circum¬ 
ferential  membrane  forces  this  is  immediately  apparent,  since  for  outward  buckles  the  shell  has  to  lengthen 
and  tensile  forces  arise,  while  for  inward  buckles  the  shell  has  to  shorten  and  compressive  forces  arise. 

A  relation  between  the  axial  and  circumferential  membrane  forces  is  obtained  by  differentiating 
the  first  two  stability  equations 


N  +  N  .  ,  =  0 

x,x  x0,0 


N  ,  u.  +  N  .  =0 

0,0  X0.X 


(4) 


with  respect  to  x  and  0 


N 


x,xx 


=  N 


0,00 


(5) 


By  substitution  of  the  assumed  displacements,  Eqs.(3),  into  Fq,(5)  this  relation  between  the  membrane 
forces  becomes 


n2/92Nx  =  t2N^ 


(6) 


As  mentioned,  is  compressive  in  a  positive  (inward)  wave  and  tensile  in  a  negative  wave. 
From  Eq.(6)  i'.  is  seen  that  Ns  follows  Nj.  at  every  point  of  the  shell,  and  that  for  long  shells  N^is  much 


—ii.  - 
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larger  than  (since  for  hydrostatic  pressure  n  ^  and  in  long  shells  /9<1  while  t  is  always  larger 
than  2). 

It  should  be  noted  that  Eq.(6)  is  true  only  for  the  classical  simple  support  boundary  conditions 
assumed  here 


v  =  0 
w  =  0 

at  x  •  0,  L/R  (7) 

»  0 

M  •  0 

X 

For  other  boundary  conditions  similar  relations  between  Ns  *nd  N^can  probably  be  obtained,  but  the 
details  require  further  study. 

In  Figs.  3a  to  3d  represents  the  geometrical  bending  stiffness  of  the  cross-section  of  the 
ring-shell  combination.  It  is  the  moment  necessary  to  produce  a  certain  change  in  curvature.  The  geo¬ 
metrical  stiffness  is  equal  for  the  inside  and  outside  ring-  shell  combinations. 

However,  due  to  the  circumferential  membrane  force  acting  in  the  shell,  the  actual  total  bending 
stiffness  of  the  cross-section  is  changed.  For  a  ring-shell  combination  with  inside  rings  the  actual 
total  bending  stiffness  is  (See  Figs. 3a  and  3c) 


M<£  -  *2  N* 


(8) 


where  is  the  actual  moment  necessary  to  produce  the  same  change  of  curvature  that  would 

in 

produce  without  the  membrane  force  N  ^  . 

In  the  same  manner,  the  actual  bending  stiffness  for  the  cross-section  with  outside  rings  is 


out  rr  _  out 
M(j5  *  M0  +  Z2N<$ 


(9) 


.out 


where  again  M  ^  is  die  actual  moment  necessary  to  produce  the  same  change  of  curvature  which 

cu  X 

would  produce  without  the  membrane  force  N  ^  . 

From  Cqs.(S)  and  (9)  it  can  be  seen  that  the  actual  bending  stiffness  for  outside  stiffening  is 


larger  than  that  for  inside  stiffening.  This  is  the  primary  eccentricity  effect.  There  is,  however,  another 
opposing  secondary  effect  which  will  now  be  examined. 

Consider  a  shell  with  inside  rings.  In  a  positive  wave,  the  moment  produces  in  the  shell  an 
additional  compressive  strain  in  the  circumferential  direction.  Due  to  Poisson's  effect  (y),  an  axial 
strain  appears  in  the  sheet,  giving  rise  to  an  additional  compressive  membrane  force,  ANX  *  in 
the  axial  direction,  which  resists  this  strain.  From  equilibrium  considerations,  Eq.(6),  ANX  is  accom¬ 
panied  by  an  additional  compressive  membrane  force  AN^,  in  the  circumferential  direction.  This  addi¬ 
tional  compressive  force  has  a  radial  component  which  resists  radial  deformation  (Fig.4a).  On  the  other 
hand, for  outside  rings  the  additional  force  AN^is  tensile  and  therefore  assists  deformation  (Fig.4b). 

In  a  negative  wave  (Figs.  4c  and  4d)  the  same  argument  applies  and  the  additional  membrane  force  AN^ 
resists  the  deformation  for  inside  rings,  whereas  it  assists  it  for  outside  rings. 

The  effect  of  eccentricity  of  rings  can  therefore  be  summarised  as  follows  : 

1.  Primary  effect  -  outside  rings  increase  the  actual  bending  stiffness  in  the  circumferential  direc¬ 
tion  more  than  inside  rings. 

2.  Secondary  effect  -  inside  rings  increase  the  actual  extensional  stiffness  in  the  circumferential 
direction  more  than  outside  rings. 

Now,  for  long  cylinders  is  very  small  and  the  difference  in  the  actual  bending  stiffness  in  the 
circumferential  direction  for  inside  and  outside  rings,  Eqs,(8)  and  (9),  is  also  very  small.  On  the  con¬ 
trary,  M^is  relatively  large,  and  therefore  the  AN^  produced  by  it  is  important.  'Hence  for  long  cylin¬ 
ders,  the  critical  load  for  inside  ling  stiffening  is  larger  than  that  for  outside  ring  stiffening.  'It  should 
be  remembered  that  this  is  due  to  the  Poisson’s  effect  (u).  If  the  Poisson’s  effect  is  neglected  ( v  =  0), 
outside  ring  stiffening  yields  higher  critical  loads  than  inside  ring  stiffening  even  for  long  cylinders 
(See  Table  4). 

For  short  cylinders  begins  to  increase  but  is  still  an  important  factor.  The  difference 

>n  the  actual  bending  stiffness  increases  (See  Eqs,(8)  and  (9)  )  and  the  critical  load  for  outside  rings 
is  much  larger  than  that  for  inside  rings. 

The  behavior  of  a  stringer  stiffened  shell  can  be  expla:ned  in  a  similar  manner.  As  for  ring- 
stiffening,  the  actual  bending  stiffnesses  in  the  axial  direction  for  stringer  stiffening  are 


8 


u 


out 

+  *,  N 

X  l  x 


(10) 


where  Mx  represents  the  geometrical  stiffness  of  the  cross-section  of  stringer-shell  combinations  and  is 

in  out 

equal  for  inside  and  outside  stringer  stiffening,  and  M  and  M  x  represent  the  actual  bending  stiffness 
for  inside  and  outside  stringers. 

Again,  due  to  the  moment,  Mx,  and  Poisson’s  effect,  vt  there  is  another  opposing  secondary  effect. 
Therefore  the  effect  of  eccentricity  of  stringers  can  be  summarized  as  follows : 

1,  Primary  effect  -  outside  stringers  increase  the  actual  bending  stiffness  in  the  axial  direction 
more  than  inside  stringers.  < 

2.  Secondary  effect  -  inside  stringers  increase  the  extensional  stiffness  in  the  circumferential  direc 
tion  more  than  outside  stringers. 

However,  for  stringer-stiffened  shells  no  inversion  of  the  eccentricity  effect  has  been  observed. 
This  difference  between  the  eccentricity  effect  in  ring-stiffened  shells  and  stringer-stiffened  ones  can  be 
explained  by  consideration  of  the  magnitudes  of  the  governing  forces  and  moments.  In  ring-stiffened 
shells,  diminishes  rapidly  with  (L/R)  while  remains  relatively  large.  Hence  AN^  caused  by 
is  large  compared  with  for  long  shells  and  the  secondary  effect  can  dominate,  causing  inversion 
of  the  eccentricity  effect.  In  stringer-stiffened  shells,  on  the  other  hand,  Nx  remains  relatively  large 
even  for  long  shells,  while  Mx  is  relatively  small.  Hence  ANX  caused  by  Mx  is  small  compared  with 
Nx  even  for  long  shells,  and  the  secondary  effect  (which  depends  on  the  resulting  small  AN'^)  cannot 
become  significant  enough  to  cause  inversion. 


4.  NUMERICAL  RESULTS  AND  DISCUSSION 

The  critical  pressures  for  general  instability  under  hydrostatic  and  lateral  pressure  were  computed 
for  250  ring  and  stringer  stiffened  shells  covering  a  wide  range  of  shell  and  stiffener  geometries.  In  the 
numerical  work  most  of  the  shells  are  ring-stiffened,  since  stringers  arc  very  inefficient  under  hydrostatic 


or  latei.’5  rressure  (see  [  1]  ). 

In  Fig.S  the  ratio  (poul/?in  )  (where  pin  is  the  critical  pressure  for  inside  ring  stiffeners  and 

y 

pout  that  fa*  outside  one*)  is  plotted  as  a  function  of  the  Batdorf  parameter  Z  *  (1-y2)  ’  (R/h)  (L/R)2, 
which  defines  the  shell  geometry,  A  range  of  Z  is  found  in  which  the  inversion  of  the  eccentricity  effect 
occurs.  It  spreads  between  100  <  Z  <  SOU,  or  in  other  words,  for  Z  >  500  pin  is  always  larger  than 
pout  and  for  Z  <  100,  pia  is  smaller  than  pout.  Shells  with  different  rings  are  plotted  in  t.he  same  fi¬ 
gure,  and  it  can  be  seen  that  the  inversion  of  the  eccentricity  effect  depends  mainly  on  the  shell  geometry. 
Variations  in  the  geometry  of  rings,  even  from  very  weak  rings  to  very  strong  ones,  for  Z  above  300,  result 
in  a  very  small  change  in  the  (pout/pin>  ratio.  On  the  other  hand,  in  very  short  and  thick  shells, 
changes  in  the  geometry  of  rings  yield  noticeable  differences  in  the  (pout/pin)  ratio  (Fig.5), 

These  extensive  calculations,  as  well  as  the  physical  explanation,  show  clearly  the  importance  of 
the  shell  geometry  for  the  direction  of  the  eccentricity  effect.  Hence  Crawford’s  conclusion,!  11] ,  that 
under  hydrostatic  pressure, rings  on  the  outside  of  the  shell  will  result  in  higher  strength  than  when  they 
are  on  the  inside  is  not  general  and  applies  only  to  a  certain  range  of  shell  geometries. 

As  mentioned  in  the  introduction,  the  eccentricity  effect  is  made  up  basically  from  two  opposing 
contributions:  the  primary  and  the  secondary  effect.  The  primary  effect  causes  higher  buckling  loads 
for  outside  ring  stiffened  shells.  The  percentage  difference  (pout/pin)  decreases  with  Z,  which  is 
consistent  with  the  physical  explanation,  since  for  long  and  thin  shells,  the  influence  of  the  membrane 
forces  on  the  effective  bending  stiffness  of  the  ring-sheet  combination  diminishes.  As  Z  ~  (very  long 
shells  unaffected  by  boundary  conditions)  the  primary  effect  tends  to  zero.  The  opposing  secondary 
effect  is  due  to  Poisson’s  ratio.  It  also  tends  to  zero  as  Z  -*  »,  since  the  membrane  forces  are  zero 
in  the  limit,  but  more  slowly  than  the  primary  effect.  The  reason  for  the  slower  rate  of  diminishing  is 
apparent  from  the  physical  explanation,  if  one  remembers  that  the  secondary  effect  is  caused  by 
which  does  not  disappear  in  long  shells.  In  Table  4  the  effect  of  Poisson’s  ratio  on  the  eccentricity  effect 
was  checked  numerically  for  two  typical  shells.  By  assuming  y  -  0  tbr  secondary  effect  is  eliminated, 
and  one  obtains  pout  >  p,n  even  for  long  shells  (R/h  =-■  2000  L/R  =  2).  In  checking  the  other  limit, 
by  taking  y  =  0.5,  the  secondary  effect  is  enhanced  and  pin  becomes  30%  greater  than  pout  .  By  comparing 
the  results  obtained  for  y  =  0  in  the  long  and  short  shells  one  clearly  observes  the  asymptotic  behavior 
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of  the  primary  effect  with  Z. 

In  Table  5,  ring  and  stringer  stiffening  is  compared  for  a  large  range  of  shell  geometries.  The 
longer  the  sheli,  the  less  effective  are  stringers  in  stiffening  against  buckling  under  hydrostatic  pressure. 
For  very  short  shells  stringers  and  rings  are  equally  effective  as  stiffeners.  This  can  be  explained 
if  one  remembers  that  hydrostatic  pressure  is  composed  of  axial  and  lateral  components.  In  short  shells, 
both  components  affect  buckling  to  the  same  extent.  Now,  rings  are  more  effective  against  lateral  pressure 
than  stringers.  On  the  other  hand,  axial  pressure  is  resisted  much  better  by  longitudinal  stiffeners  than 
by  rings.  •  Hence  in  the  case  of  hydrostatic  pressure,  rings  and  stringers  stiffen  by  the  same  amount. 

In  Table  2,  the  effect  of  ring  geometry  is  studied  for  different  shell  configurations,  and  the  results 
are  plotted  in  Figs.  6-7.  There  one  sees  clearly  that  the  buckling  load  depends  on  the  combined  shell 
geometry  parameter  Z  and  not  on  the  separate  parameters  R/h  and  L/R.  One  also  observes  that  for 
different  rings  the  inversion  occurs  almost  at  the  same  value  of  Z.  There  is  only  a  very  slight  shift  in 
the  inversion  with  ring  geometry.  For  stronger  stiffeners  inversion  occurs  at  a  higher  Z,  for  example 


A2/ah 

=  0.8 

I22/ah3  «  8 

7 

nNV 

*  400 

A2/ah 

=  0.1 

l22/ah3  =  1 
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^INV 

»  180 

In  Fig.  8,  the  variation  of  the  eccentricity  effect  with  magnitude  of  eccentricity  was  studied.  The 
higher  |  e2  1 ,  the  stiffer  the  shell  is  against  buckling.  (Therefore  one  expects  the  same  behavior  as  that 
found  for  increasing  moment  of  inertia  (I22/ah3)  in  Fig.9.  For  short  shells  this  behavior  is  indeed  ob 
served, as  monotonous  rise  of  (p° ut  /  pin)  with  I  <*2  J.  However,  when  longer  and  thinner  shells  are  con¬ 
sidered,  a  different  behavior  appears.  On  varying  the  magnitude  of  j  e2  |  ior  a  certain  shell  geometry, 
pout  is  first  found  to  be  smaller  than  pin.  On  increasing  |e2|,  pout/pin  passes  through  a  minimum 
and  starts  to  rise  again,  and  eve  ually  an  inversion  of  the  eccentricity  effect  occurs.  • 

For  short  and  thick  shells  a  comparison  between  buckling  under  hydrostatic  and  lateral  pressure 
was  made  (Table  1).  This  comparison  was  carried  out  in  order  to  eliminate  any  doubts  about  the  cause 
of  the  inversion  of  the  eccentricity  elfect.  In  the  early  stages  of  the  work  it  was  suspected  that  the  axial 
component  of  the  hydrostatic  pressure  is  the  cause  of  the  inversion,  since  inversion  occurs  only  in  short 


shells.  However,  the  calculations  for  a  typical  ring  geometry  (Table  3)  showed  that  inversion  occurs 
even  with  lateral  pressure.  The  physical  explanation  arrived  at  later  proved  that  this  was  to  be  expect¬ 
ed. 


5.  CONCLUSIONS 

The  results  of  calculation  for  250  typical  cylindrical  shells  2how  that  for  shells  with  Z<  100 
outside  rings  are  more  efficient  stiffeners  against  hydrostatic  and  lateral  pressure  than  inside  rings, 
whereas  for  Z>  500, shells  with  inside  rings  are  stronger.  Stringers  are  much  less  efficient  as  stiffeners 
against  hydrostatic  pressure,  except  for  very  short  shells.  Outside  stringers  are  better  than  inside  ones. 
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GENERAL  INSTABILITY  PRESSURES  OF  RING  STIFFENED  SHELLS 

EFFECT  of  SHELL  GEOMETRY 
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GENERAL  INSTABILITY  PRESSURES  OF  RING  STIFFENED  SHELLS 


EFFECT  of  RING  GEOMETRY 
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5 
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2042 
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2 

1305 

5 
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5 
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4 

5 
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4 
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4 
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8 
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3 
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1 
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0.5 
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7 
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5 
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3 
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7 
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1 
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81 
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l 
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7 
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y 
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11.81 
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82 

0.50 

5 
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5 
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6 
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31.77 
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83 

0.80 

8 
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5 

7273 

5 

37.72 
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84 
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3  05 

0.5 

207.2 
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8 
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8 
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85 
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1 
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7 
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7 
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5 
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6 
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GENERAL  INSTABILITY  PRESSURES  OF  RING  STIFFENED  SHELLS 

I- I  I'M  T  .»(  KINti  CI-'OMI-TKA 


3 


17 


t 


ID 

DC 

3 


ID 

DC 

a. 


CO 


-I  H 

v 

U  ° 

Q 
>- 
c  X 
o 

od 

>- 

»-  _J 


u 

DC 

»- 

z 

Ui 

U 

U 

Ui 


DC 

Ui 


U 

ID 

U. 

r. 

Ui 


w 

►J 

CQ 

< 

f 


99 

4) 

m 

« 

a 


« 

u 

‘a 

>N 


t 


4 


TABLE.  4 


EFFECT  OF  POISSON’S  RATIO  ON  THE  ECCENTRICITY  EFFECT 

I22/ah3  =5  A2/ah  =0.5  «2/h  «  +5 


R/h 

L/R 

V 

K 

r  ....... 

A“/A+ 

+  e2  inside 

-  e2outside 

250 

0-5 

0 

6162 

9797 

1*590 

0*3 

5887 

8147 

1*384 

0*5 

5037 

6383 

1*267 

2000 

2-0 

0 

9722 

10081 

1*037 

0*3 

9957 

8308 

0*834 

. 

0*5 

9055 

6497 

0*717 

TABLE.  5 

CRITICAL  PRESSURES  FOR  STRINGER  AND  RING  STIFFENED  SHELLS 


RING  GEOMETRY  :  A/ah  =0*5  I22/ah3=5  e,/h  =  ±5 

STRINGER  GEOMETRY  :  A/bh  =0*5  In/bh3=5  e/h=±5 


R/h 

L/R 

Z 

\> 

UNSTIFF. 

RING  STIFFENED 

STRINGER  STIFFENED 

a+A0 

Wa0 

A~/A+ 

A  /A0 

A-A„ 

A-/A+ 

50 

0*5 

11*92 

173*2 

5*177 

10*21 

1*971 

6*271 

6*424 

1*024 

100 

1*0 

95*39 

107*4 

22*20 

26*12 

1.177 

2*369 

2*804 

1*184 

1*5 

214*6 

70*07 

28*6  i 

32*08 

1*121 

1*587 

2*109 

1*329 

2*0 

381*6 

51*81 

32*29 

31*75 

0*983 

1*282 

1*802 

1*406 

2000 

•*o 

17170 

151*6 

45*58 

38*10 

0*834 

■  ■ 

1*048 

1*162 

1*109 
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N$- compression 

( a )  POSITIVE  WAVE  -  inside  rings 
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( b )  POSITIVE  WA/E- outside  rings 
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(c)  NEGATIVE  WAVE -inside  rings 
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(d)  NEGATIVE  WflVE- outside  rings 
FIG.  3 


(  a  )  POSITIVE  WAVE  -  inside  rings 


(  b  )  POSITIVE  WAVE  -  outside  rings 


(c)  NEGATIVE  WAVE  -  inside  rings 


(d) 


FIG.  4 
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INFLUENCE  OF  RING  AREA  AND  MOMENT  OF  INERTIA  ON 
STIFFENING  OF  SHE!  L 


FIG.  9  VARIATION  OF  STIFFENING  OF  SHELL  WITH  RING 
AREA  AND  MOMENT  OF  INERTIA 


